We accidentally observed that one key can open two padlocks from different brands.
Introduction
Padlocks are widely used worldwide, commonly used for locking fences, warehouses, and similar buildings. Meanwhile for locking houses, key systems that fixed inside the door are 3 service. The interesting question is, how many different numbers of padlocks can be produced?
What parameters affect the number of different padlocks that can be produced?
This seems to be an interesting topic and can be discussed in undergraduate level. The problem begins with an accidental observation of a phenomenon and then thinking and deriving of the formulation to explain such a phenomenon. The mathematical equations should not be too complicated, but an imagination is required to derive the equations. We have done similar works previously, such as initiated by the observation of firework's rod bending [18] , discharge of water when wringing wet clothes [19] and segregation of rice when winnowing the tray [20] .
The purpose of this paper is to derive the equations to predict the number of different padlocks that can be produced using key structures as shown in Figure 1 (a).We only focus on keys having identical holes and hills. Indeed, there are some keys having holes with different depths, but we ignore this situation. We also only focus on keys having a maximum of four holes. This limitation is very realistic because most padlocks with the above architecture have keys with up to four holes. For example, the key in Figure 1 (a) is considered to have three holes. Two bottom holes having different depths are treated as one hole, with the width of which is the sum on widths of the original holes. To best our knowledge, the discussion of physical model for describing the padlock differentials has never been reported.
Modeling
First, let us consider the case when only one hole was crafted on the key. The hole has a minimum width according to key mechanical structure as well as grinding equipment to craft the hole. Usually, household padlocks are not very precise items. Assume the minimum shift of a grinding cutting wheel to make a hole is a. This value may be less than 1 mm. When the hole is made, the grinding cutting wheel can shift at least as far as a. If the length of the key portion that penetrating into the padlock body is L, the maximum number of shifts of the grinding cutting wheel is N =L/a. Suppose the minimum size of a hole and hill that can be made are h 1 and h 2 , respectively. The number of shifts related to those minimum sizes are a h n / 1 0  and a h m / 2 0  , respectively, with 0 n and 0 m are integers. Next, we only discuss the problem in term of these integers, instead of in term of meter or centimeter. It is clear that N m n  0 0 , .
Take a look at Figure 2 (top). One hole of width 0 n is made at the far left end of the key. The width of the hill on the right side is 0 n N  . This is one different key that can be made. Another different key is possible made if the hole is moved to the right side of a, which is identical to a shift of one unit. The number of shifts until the hole reaches the far right position
Next different key is made by crafting hole of one step wider, i.e. 1 0  n . In this condition, the width of the hill on the right side is
. Different keys can be generated by shifting the hole one unit to the right. The number of shifts until the hole reaches the far right position is 0 n N  . This is the number of different keys that can be produced if the size of the hole is 1 0  n .
The next different keys are made by crafting a wider hole, i.e., of size 2 0  n . The number of shifts belong to this size is 1 0   n N . We continue this procedure until the hole has the width of N , which has only one choice (no shift). Therefore, the total number of different keys produced by only making one hole is
Now we examine the next case where there are two holes and one hill between these holes. The smallest size of a hill that can be made is 0 m . We start by looking at the condition of all of the holes and hills are located at the left end of the key and all of them have the minimum sizes as illustrated in Figure 3 (top). Now look at the hole is positioned on the right side. The size of the hill on the right side of this hole is
. This is one different key. Other different key is obtained by sifting the right hole to the right for every step.
The number of shifts until this hole reaches the far right position (formation like in Figure 3 (bottom).) is 1 ) (
. Furthermore, different keys can be made by widening the rightmost hole by one unit so it become 1 0  n .This widening results in the width of hill on the right side becomes 1 ) (
,so the number of ways of moving the right most hole
. We continue this procedure until the rightmost hole occupies all the space on the right side with a width of ) ( 0 0 n m N   and provides no shifting. As a result, the number of ways to make a key with only changing the position and size of the rightmost hole, and maintaining the position and size of the left hole and the hill in between is
The next different key is made by shifting the position of the hill between two holes by one unit to the right. The shift will cause the space for shifting the rightmost hole decreases by one unit. Thus, the number of ways of shifting the position and resizing of the rightmost hole can be obtained from equation (2) by reducing the last term by one unit, i.e.
Next different key is made by shifting the hill between the two holes two steps to the right. The number of ways to change the position and size of the rightmost hole changes to ) ), 2 ( :
We continue this procedure until the rightmost hole only occupies the far right end with the width of only 0 n and the number of compilation is only 1. The total number of hill shifts is 0 2n N  . Thus, the number of arrangements by changing the position and width of the rightmost hole and the hill between two holes is
Next, we begin to move the holes in the left position one step each. If this hole is moved one step to the right, the space to make variations of hole and hill to the right is as if reduced by one compared to the Initial condition. Thus, the number of variation satisfies equation (5) but
If the left hole is moved two sites to the right, the number of ways is
And so on so that we get the general equation for the shift as far ask, i.e.,
The maximum number of shifts is
. Thus, the number of ways through shifting only the leftmost hole is
Next different key is obtained by changing the width of the left hole. When the width is enlarged to 1 0  n then the number of shifts becomes
and the number of ways the arrangement becomes
When the width of the leftmost hole is changed to 2 0  n , the number of shifts becomes
and the number of arrangements becomes
We continue the process until the maximum width for the leftmost hole is reached. The allowed maximum width of the leftmost hole is
. This means the maximum additional width that can be generated is
. The number of ways of widening this hole is
And then we finally obtain that the total number of different keys that can be produced when two holes are made is 
Next we discuss the keys containing three holes. The base position of the holes and hills is shown in width. The number of variations of two holes and one hill on the right satisfies equation (13) with only replacing N with ' N . Therefore, we have
Next, we move the leftmost hill to the right by one step. Two holes and one hill on the right occupy a space of 1 ' N width. Thus, the number of variations if the second hill is moved to the right by one step is
If the second hill is moved to the right by two steps, the number of variations is
The number of shifting the left hill to the right is  
Thus 
Next, we change the position of the leftmost hole by shifting it step by step to the right.
The initial shift is identical to decreasing N by 1 to become N-1 at the upper limit of the summation in equations (17) . The rightmost position of the left hole is obtained after the maximum shift is 0 0
. Thus, the number of shifts to reach this maximum shifting is
. Finally, the total number of ways of producing keys containing three holes is 
Finally, we discuss the conditions when the key has four holes as illustrated in Figure 5 .
We begin by forming the basic condition where four holes and three hills are at the left end of the key and each has a minimum size.
If the leftmost hole and hill does not change, then the sum of the variations in the three holes and the two hills on the right satisfies equation (18) with simply replacing N with
. The number of ways is ) , ),
If the rightmost hill is moved to the right one step then the number of ways is
If the rightmost hill is moved to the right two steps, the number of ways is
The number of shifts to the rightmost hills is N -3m 0 -4n 0 . Thus, the total number of ways is .
We then obtain a recursion formula for arbitrary number of holes 
and U = N -4n 0 -3m 0 .
(30)
Results and Discussion
Now let us do some simulations. The portion of key inserted into the padlock is usually not too long. Generally, the length of this portion is around 1.5 cm to 2.0 cm. If we assume that the length of this portion is 2.0 cm and the smallest portion that can be grinded has a length of 1 mm, the length of the key corresponds to N = 20 sites. The true smallest value depends on the machine used to make the key and the padlock. However, for most of household padlocks, the number does not vary too far from N = 20. Figure 6 is the number of different keys that can be made with a number of holes between 1 and 4 at various hole and hill lengths. In this case, we assume that the hole length and the hill length are identical. The total number of keys is defined as
It appears that as the minimum size of hole and hill increases, the number of different keys decreases. This is due to the number of ways of shifting and widening the hole and the hill decrease. For N = 15, 20, and 25, we obtain a scaling relationship
with  = 6.16, 6.82, and 7.10 for N = 15, 20, and 25, respectively. The scaling factor rises slightly with increasing the key length. We can show that N 1/3 as shown in inset of Figure 6 . Calculations were made for selected n 0 = m 0 that produces Mas an integer. For example, at N = 15, the calculation is only performed for n 0 = 1, n 0 = 3, and n 0 = 5.
We get the exponential equation (32) with changes slightly with increasing N. Reducing n 0 or m 0 has the meaning of making keys with higher accuracy. It can be seen from Figure 6 or 8 that the more accurate the key is, the more variations can be made. We also found that for keys with a length of 2 cm and a minimum size of holes and hills about 3 mm, the As final notes we obtained that the number of different keys for the above key architecture is very limited. For example, for N = 15 and n 0 = m 0 = 3, the different keys that can be made (based on Fig. 6 ) is approximately exp(8)  3,000 and for N = 15 and n 0 = m 0 = 2 the different keys that can be made is approximately exp(10)  22,000. This variation is not soo high so that duplication of the a certain key may happen.
Conclusion
We have derived equations for estimating the number of different keys that can be made based on key architecture as in Fig. 1(a) . We obtained a general recursive formula for estimating the number of different keys as a function of the number of holes. For very precise keys, we obtained the number of different keys increase as N 2u+1 with N is the key length and u is the number of holes. We argue the equation might be applied to estimating the number of configurations in the padlock probes method of biological systems. 
